Introduction
In this work we study the relations connecting a solution of the Navier-Stokes equations ,u A w--@w. Vw--Vp=O Because of the difficulty in integrating (1) in a general case, it is natural to consider the linear equations satisfied by the perturbations of a particular solution.
The simplest of these are the Stokes equations #AW-Vp=0 (2) V "w=O which correspond to the identically vanishing solution of (1) . A major task of the present work will be to examine the connection between the solutions of (2), and the solutions of (1) which correspond to small boundary data.
The system (2) has been studied in considerable detail by Odqvist [11] , who proved the existence of a Green's Tensor for an arbitrary region. Odqvist used this tensor to obtain an integral equation for the solutions of (1) , and this equation led in turn to a proof of existence of a solution of (1) in a finite region 6, corresponding to prescribed data w* on the boundary ~ which satisfy the (necessary) condition w*.ndS=0
(n = unit exterior direct normal), provided only that ]w*] is everywhere sufficiently small ( [11] , see also [10] ).
The first general study of (1) for arbitrary prescribed data is due to Leray [8] .
Leray derived general a priori estimates on the solutions of (1), depending only on and on the boundary data. He applied these estimates, using a device which is now classical but which was at that time not yet clearly formulated, to prove the exist-enee of at least one solution of (1) in ~ corresponding to arbitrary (sufficiently smooth) data w* on ~. The solution is obtained by a continuous deformation in function space, starting with the solution of (2) given by Odqvist, and essential use is made of Odqvist's integral equation and of his estimates on the Green's Tensor.
From a physical point of view the problem just discussed has little meaning, since the natural boundary condition is w*~-0, and in this case one sees easily that the only solution of (1) in ~ is w = 0. Of more interest is the exterior problem, in which a solution is sought which assumes data w* on Z and which tends to a given constant vector w 0 at infinity. In this case, however, new difficulties arise. Experimental evidence indicates that, at least for large prescribed data, the solution either does not exist or is unstable. For the linear system (2), it is known that no solution exists in two dimensions. (1) In three dimensions, the solution exists but is known to violate, in a neighborhood of infinity, the assumptions under which the equations were derived (see, e,g. [12, p. 165] ). Also for the strict equations (1) there is evidence that solutions may exhibit pathological behavior at infinity, An example in two dimensions is discussed in w 6 of this paper. Nevertheless, Leray succeeded in constructing, for arbitrary prescribed data in three dimensions, a sohtion of (1) in the exterior E of Y: which equals w* on ~, for which the Dirichlet Integral is finite, and which tends to w 0 in the sense of an integral norm. Leray also obtained a priori estimates on the solution which are valid in any compact subregion of E.
The behavior of the solution at infinity has been discussed in some detuil in [1] and in [2] . In [1] we have proved that the solution of Leray (more generally any solution with finite Dirichleb Integral) necessarily tends to a limit in tile strict sense as x--> oo, and a representation of the solution by means of an integral equation is obtained. In [2] we discuss solutions which need not have finite Dirichlet Integral.
We show there that whenever w-+w 0 at infinity, then necessarily all first order derivatives of w tend to zero. If, in addition, Iw-w0l<Cr ~-~ for some e>0, then w (x) has the same asymptotic structure at infinity as the corresponding solution of the system obtained by linearizing (1) about the solution w--w0. In particular,
[w-w~[<Cr -1 and there exists a paraboloidal "wake" region outside of which I w -w0] < Cr .2. It is not known however whether there exist solutions which exhibit the assumed rate of decay to w o at infinity.
(1) See, e.g., [4] . An improved discussion of this phenomenon will appear in a forthcoming work ~3f I. D. Chang and the author.
The crucial step in the method of Leray consists in obtaining an a priori bound for the Dirichlet Integral(1) of any possible solution, depending only on boundary data. Leray proved the existence of such a bound, and also gave an independent demonstration which yielded an explicit estimate (2) . In w 2 of this paper we obtain a bound for the Dirichlet Integral by a method which derives conceptually from that of Leray. Our result is a slight improvement on that of Leray, in the sense that we do not insist that the outflow integral (3) vanish, but merely require it to be sufficiently small. The demonstration we give uses a technical device due to E. Hopf [5] which, we believe, simplifies and clarifies the reasoning considerably.
In w 3, we apply the bounds on Dirichlet Integral in order to obtain a-priori estimates on any possible solution and on its first derivatives, depending only on prescribed data. In the case of a finite region ~, these bounds are essentially those of Leray. For the region ~ exterior to ~, we improve the results of Leray by giving estimates which are uniformly valid throughout the flow region.
We show in w 4 that solutions with finite Dirichlet Integral are necessarily continuous at infinity. We present here a proof which' is more elementary than the one we have given in [1] . In w we prove the existence of a solution corresponding to prescribed boundary data. Again the result is essentially that of Leray when the region is finite. The new features in the other case are that the solution is shown to attach continuously to the prescribed value at infinity, that some outflux is permitted, and that uniform bounds are available for the solution and its derivatives.
The principal new results of this paper are presented in w 7. ttere we study the manner in which the solutions of (1) transform into those of (2) as the prescribed data tend to zero. Precisely, we consider data of the form 2w*, X w 0, 0 < ~ < 1. (a)
(1) This integral can be interpreted physically as half the SUln of the rate at which energy is converted into heat by the fluid, and the total vorticity in the flow.
(~) Another proof of the existence of a bound, based on an inequality of Sobolev, has been given by O. A. Ladyzhenskaia [7] . The method of Leray, besides yielding an explicit estimate, is intrinsically simpler and more elementary.
(a) Equivalently, we could keep the boundary data fixed and let ju --> co or Q --> 0. In the former ease we would find [ w (x; ~t) -W 0 (x) [ < C/l~ in a bounded region, and
in an exterior region. The estimate for a bounded region can be obtained also from the work of Odqvist [11] . The emphasis in the present paper is on the behavior of the solution in a neighborhood of infinity, to which the methods of Odqvist do not seem to apply.
We prove that if w(x; 2) is a solution of (1) with these data and if W0(x ) is the solution of (2) with data w*, w 0 then 12 l w (x; 2)-W 0(x) l= O(2) when the region is finite, and I -lw(x;2)-W0(x)l=o(V r 1+ )in the case of an infinite region. (1) Analogous estimates for the derivatives are also given. Thus, we see that the solutions of (2) in an exterior region are uniformly close to the corresponding solutions of the Navier-Stokes equations (1), even though the perturbation from the latter solutions to the former is singular in tilts region. These considerations are applied to a discussion of the force" exerted on ~ by the fluid, and an estimate is given for the error incurred by using the solution of (2) to calculate the force. The demonstrations are straightforward, but lean heavily on the developments in the earlier sections of the paper.
In the final section we improve the classical uniqueness theorem for (sufficiently small) solutions in a finite region ~ by showing that this result can be given in an a priori formulation, depending only on boundary data. (The classical result assumes a knowledge of one solution in the entire region, see, e.g. [16] .) We obtain this theorem as a special case of a more general result, that the difference of two sufficiently small solutions wx (x) and w 2 (x) can be bounded uniformly in ~ in terms of the solution of the linear equations (2) with boundary data equal to wl (x)-w2 (x).
To our knowledge, this is the first result on continuous dependence of the solutions of (1) on boundary data to be published.
The chief concern of this paper is with solutions of the system (1) in three dimensions. Those of our results which pertain to solutions in a finite region are presumably valid also in the corresponding two dimensional case, but a rigorous proof requires certain general estimates which are not yet available. The behavior of a two dimensional solution at infinity appears to present difficulties of a more profound nature, and a precise discussion must probably await the development of new methods.
l. Notation and definitions; preliminary estimates; the representation formula
We consider a vector field w (x), w = (w 1, w 2, w~), which is defined in a region of three dimensional Euclidean space, x= (x 1, x 2, %). Such a field is said to be a solution o/ the Navier-Stokes equations,
(1) The origin of coordinates is assumed interior to ~. The result implies, in particular, the uniform inequality
V -w=O in ~ whenever there exists a scalar field p (x) in ~, such that (1) is satisfied throughout ~ by the pair (w, p). It is assumed that w (x) and p (x) are sufficiently smooth that all quantities entering in (1) are defined and continuous throughout ~. The vector field w (x) and scalar p (x) have the physical significance of velocity and pressure, respectively. We have found these interpretations helpful in providing motivation and suggesting methods, but they are of course unnecessary for the formal mathematical developments. In order to simpliy notation we shall normalize (1) so that #=~= 1. This can always be achieved by multiplication of w and of p by appropriate constant factors. Equations (1) then take the form Aw-w. Vw-Vp=0
V .w=0.
Since most of our results are valid for every value of the Reynold's number, (1)this normalization entails no loss of generality. In w 7 we shall permit the Reynold's number to vary, but we shall effect this I by varying the boundary values of the velocity field and keeping all other parameters constant.
A particular solution of (4) is the uniform flow, w ~ w 0 = const. The perturbations of this solution are solutions of the linear system,
V .w=0, the equations o/ Oseen. In the case w0=0, we obtain the equations o/ Stokes, w-V p=O (6) ~7 .w=0.
We shall need a fundamental solution tensor ~ (x, y) associated with (5) . Such a tensor has been determined explicitly by 0seen [12, p. 34] . It can be obtained from the relations,
(1) The Reynold's number is defined by the relation R=QUL/~, where U and L denote a characteristic speed and length in the flow. For a discussion of the role played by this quantity in the theory of (1) and in experimental observation, see, e.g. [6] . 
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The tensor X= (Z~s) and vector tp = (Fs) become singular at x=y in such a way that (s) where ~r denotes the surface of a sphere of radius r about x as center and n= (nj)
is the unit exterior directed normal on ~. For fixed j, the column vectors Z,j define, as function of x, a solution of (5) with ~s as COiTesponding pressure. As function of y, Z,s defines a solution of the adjoint system,
In the case w o =0, the tensor (Zis)" takes a particularly simple form. We then have 
-l l(~,s ~ (xi-y~) (xs-ys)}
where def u= 89 (~u~/Oxj+~uj/Sxi) is the de/ormation tensor associated with the motion.
(1) These identities are to be understood in the sense that u-Tv=u~ (Tv)~jnj and summation is extended over repeated indices.
From (8) and (12) we obtain the representation, valid for any solution of (4) in 6, w(x)= f0X'(w-w0)'vw V,, (13) where T X is formed by interpreting the components of ~ as pressures. One sees easily that, conversely, any vector field w (x) which satisfies (13) is a solution of the Navier-Stokes equations (4). We find similarly a relation for the pressure, We shall deal with solutions w (x) of (4) which are defined in a bounded region 6, and with solutions defined in a region ~ which contains a neighborhood of infinity.
In either case we denote the boundary of the region by ~. ~ is to consist of a finite number of closed, connected component surfaces. By a smooth sur]ace ~ we shall mean a surface which admits in a neighborhood of each of its points a parametric representation by means of functions which have continuous derivatives of all orders entering in the context. Although in most cases slightly weaker assumptions will suffice, we will be safe to assume that these functions are of class C (8) . Correspondingly, we will usually assume that the boundary values w* of w are of class C (3) when considered as functions of the same parameters.
Throughout this paper the symbol C will be used to denote a positive constant, the value of which may however change even within a given context. Thus, from the relation fl < C (1 + a2) we may conclude fi < C a~ for all ~ > 1.
A priori estimation of the Diriehlet integral
In this section we derive the bounds on the Dirichlet integral of solutions of (4), which are basic to the subsequent developments. We prove first a preliminary (1) This lemma has been used by several authors, but we know of no proof in the literature previous to a demonstration we have given in [2] . The proof presented here is due to Professor C. Loewner (oral communication). It is more elementary than the one in [2] , and it has the advantage that estimates on the extension field can easily be found from a knowledge of the corresponding estimates for w*. We now seek a vector field to = (co:, e%, o)3) defined in Z (k), such that curl to = p(k) on F (k) and to = 0 whenever ~ + ~ >~ ~. In general there is no such solution, for one sees easily that a necessary condition is ( (k) jr(k)P8 da:do%=O. We therefore modify P(3 k) in order to achieve this condition. To do this, observe first that each point.
where 0 </(~)< 1 in ~) is interior to one of the other covering neighborhoods, say ~), and 0 </o) < 1 at this point. We select a neighborhood N of such a point which lies interior to both neighborhoods, and modify P(~)in N so that ( and on its derivatives can be obtained directly from the method of construction.
a. Estimation of the Dirichlet Integral in a bounded region
We consider first the interior region bounded by a single closed surface ~. We suppose that Z is smooth, and that prescribed data w* of class C (3) are given on which satisfy condition (3). Applying Lemma 2.1, we obtain a vector field ~(x) de-fined throughout space, such that curl t~ = w* on ~. We may assume that t~ (x) and its derivatives up to third order are bounded, the bounds depending only on ~ and on W*.
Let 20 be chosen smaller than any of the radii of curvature at points of ~, and also so small that all points on a normal line of length 24 originating from an arbitrary point P of ~ are closer to P than to any other boundary point. Then in the But from w = ~q + v we find f ,vwi2dV<~2 f lv~l~dV+2 f ivvl~dV from which Theorem 2.3 follows immediately.
b. Estimation of the Dirichlet Integral in an exterior region; case of zero outflux
It cannot be expected that an estimate on Dirichlet Integral in an exterior region depending only on prescribed data can be obtained, even for solutions which tend to a limit at infinity and for which this integral is finite, cf. the example in w 6.
Under suitable assumptions, however, such an estimate does exist. We consider here 
We obtain (18) and (19) as before. Combining these inequalities and choosing again e= 1/2K1 ~, the required estimate follows. (1) The sense in which Theorem 2.4 applies to solutions defined throughout the exterior of ~ is illustrated by the following corollary, which we shall apply in w 5. (4) in ~Rj such that wRj= w* on ~ and wRj= w0 on ~aj. he has obtained the estimate, fe [ V w ] ~ d V < 31 x~ a w02. The actual value, computed from the known solution, is 6 ~ a w~. We remark however, that in the non-linear case, the estimate tends rapidly to infinity as the Reynolds' number increases. We do not know in what sense this situation reflects reality.
COROLLARY. Let (Rj} be a sequence o/ values tending to in/inity and let wRj denote a sequence o/ solutions o/
We suppose /urther that the sequence {wRj}, together with all partial derivatives up to /irst order, converges at all points in the exterior ~ of ~, uni/ormly in any compact
The second case we consider is that in which the solution is defined throughout the exterior E of ~ and tenlis to ~ limit at a suitable rate. The main burden for the proof of Theorem 2.5 rests on estimates given in [2] for asymptotic behavior of solutions of (4) 
The above estimates show that this term vanishes in the limit as R-~ co. This fact established, the proof of Theorem 2.5 then coincides with that of Theorem 2.4.
c. Estimation of the Dirichlet Integral in an exterior region; general case
We show now that in the case of an exterior region in three or more dimensions, the conditions (3) ~ (w*'n) dS=0 which we have imposed on the boundary 
--f~R Y.v.v~dV-f~R v'w~
We study the right hand side term by term:
(ef. the proof of Theorem 2.3), and an integration by parts, using the relations
where V**l denotes the transpose of the matrix V *1. Also, Collecting these estimates we obtain 
A priori estimation of the solution
The estimates on Dirichlet Integral obtained in the preceeding section are applied here to find pointwise estimates for any possible solution, depending only on prescribed data. We base these estimates on general properties of the Green's Tensor associated with the linearized equations
A .w=0 in a bounded region. We consider in detail only the three dimensional case. It seems certain that similar estimates hold for two dimensional solutions, but the necessary estimates on the Green's Tensor have not yet been formally verified in this case. In higher than three dimensions, there appears to be an intrinsic difficulty in the method. Interior bounds then follow directly by differentiation of (26) under the integral sign and use of the estimates (15).
We shall need also the following lemma, due to Payne and Weinberger [13] 
Remark 2.
In case it is known that 3( tends to a limit at infinity, this limit coincides with Y0-For otherwise we would have R=I~ necessarily J ZR as R --> co, a contradiction.
a. Estimation of the solution in a bounded region
We assume as given a solution w (x) in a finite region 6, which takes on values w* on the boundary ~ of 6. It is then possible to extend w* to the exterior of in such a way that the extension vanishes outside a compact set and has finite Dirichlet Integral, depending only on w*. By Theorem 2.3, w (x) has interior to ~ a finite Dirichlet Integral, depending only on w*. Denote the sum of these two integrals by D. Using the identities (13, 14) , we find for w(x), p(x) the representation, 
b. Estimation of the solution in an exterior region
We base the estimates for an exterior region on the following general property of solutions of the Navier-Stokes equations: Pro@ Let x be a point of 6, let 4d be the distance from x to the boundary. Finally, we apply to the volume integral the analysis in the proof of Theorem 3.5.
We obtain: 
ii) (wR(x)} have Dirichlet Integrals uniformly bounded in R. Then there is a subsequence o/ the {wR(x)) which converges uniformly in the closure of any fixed region ER,, together with its derivatives up to first order, to a solution o/ (4) in the exterior E of ~. The Dirichlet Integral o/ the limit solution w (x)] has the same bound, and [w(x), p(x)
satisfy the estimates (25) uniformly throughout E.
To prove Lemma 3.8, we note that the {wR(x)} can obviously be extended to all space with Dirichlet Integrals bounded independent of R. Theorems 3.6 and 3.7 then show that the (wR(x)} are equicontinuous and have equicontinuous derivatives of first order. Hence there is a subsequence which converges, uniformly together with its derivatives of first order, in any ERo. But for any fixed sphere V with surface S in ERo, we have
w~(x)= ~swR.TGdS+ fvG'wR'vw~dV
and the uniform convergence then shows that this relation holds also for the limit field w (x). A formal calculation then shows that w (x) satisfies (4) The bounds on the solution follow from Theorems 3.6 and 3.7 except for the bound on p(x), which must be replaced by ]p (x)[ < C Ix[. The estimate [p (x) < C is, however, correct. We shall prove it in w 4.
Remark: If Q satisfies the hypotheses of Theorem 2.6 it is unnecessary to assume
that the Dirichlet Integrals are bounded.
Behavior at infinity; the representation formula
Let ~ consist of a finite number of smooth closed surfaces carrying data w* of class C (3). Let w(x) be a solution of (4) To prove this result, we first apply Lemma 3.3 to obtain the existence of a vector w 0 with the properties described in that lemma. Next, we rewrite (4) as a system for u (x) = w (x) -wo,
A u--u'VU--W o'Vu-Vp=O (34)
27 "u=0
and introduce a fundamental solution tensor X (x, y) associated with the linearized system
V "u=0.
The tensor X (x, y) has the properties described in w 1. In terms of it, we obtain the representation and we see that it will be sufficient to prove that F(x)-+0 as x-+c~. This may be verified directly, using the estimates (15) and Lemma 3.3, for all terms of the integrand except X" T u, for which these estimates do not suffice. We can overcome this difficulty by noting that by differentiating X (x, y) a sufficient number of times, in arbitrary directions, the resulting derivatives can be made to decay in magnitude to zero faster than any preassigned negative power of [x-y[. Thus, since [Tu [ < CR on ZR by Theorem 3.8, we should expect that a derivative of F (x) to a sufficiently high order would tend to zero as a limit. We cannot differentiate (35) under the sign, but it is legitimate to form successive difference quotients of F (x) as the limit of the integrals involving the corresponding difference quotients of X" A simple application of the mean value theorem shows that for fixed differences, these quotients 
[u.Td:~(N)--(~(N).Tu+(c~(N).n)(wo.n)]dS
vanishes identically in x. But the differences are arbitrary, and we conclude that. This inequality cannot hold for two distinct values of w0, and the result follows.
Existence theorems 5 a. Existence of a solution in a finite region
We apply now the fixed point theorem (1) of Leray and Schaudcr [9] to obtain the existence of at least one solution of (4) for a "point" w of a suitable Banach space 9; here ~ is a real parameter such that 0 ~<A ~< 1. We seek to demonstrate the existence of a solution of (36) for the parameter value ~= 1. To do so, we show that the space ~ can be so chosen that the hypotheses of Leray and Schauder [9] are satisfied. But formal calculation verifies that any solution of (36)for the parameter value = 1 is necessarily a solution of (4) which attaches continuously to w* on ~. Hence: The question of uniqueness of the solution is discussed in w 8.
b. Existence of a solution in an exterior region
Let ~ consist of a finite number of connected closed components, and let Q be so small that the hypotheses of Theorem 2.6 are satisfied. Let ~ be a sphere about the origin of radius R so large that ~ lies in its interior. By Theorem 5.1, there is at least one solution of the problem: w (x)=w* on ~, w (x)=w0-Q v (r 1)/47~ on ~R, w (x) a solution of (4) ~R-By theorem 2.6, the Diriehlet Integrals of all such solutions are uniformly bounded, independent of R. By Lcmma 3.8, the solutions form a bounded set in B, and for any sequence RF* ~, there is a subsequence of solutions w (j) which converges uniformly together with all first order derivatives in any compact subregion to a solution of (4) . By 
Remarks on the preceding sections; an example
In connection with the solution in an exterior region E, there remain several questions which must be answered before the theory can be considered in any reasonable sense as complete. We mention some of these.
1) Does the solution whose existence we have demonstrated necessarily admit
an asymptotic development at infinity in inverse powers of r (or suitable functions of r) analogous to the classical expansion for harmonic functions, or more generally, the known developments at infinity for solutions of the equations of potential compressible flow (cf. [3] )? The answer to this question is of importance in the determination of the forces and moments exerted on X by any possible solution in ~.
Various recent investigations have been devoted to the determination of such developments under the assumption that they exist and can be obtained by iterative procedures whose convergence is not easily demonstrated, hence it seems worth-while to point out that, at least in two dimensions, not every solution which is regular in a neighborhood of infinity and tends to a limit at infinity can be represented asymptotically by an expansion in reasonable functions of r with coefficients independent of r. An example is provided by the family of vector fields w = (u, v)= w (x, y) defined by the following relations:
For any real :r w (x, y) is a solution of the two-dimensional system (4) at all points except at the origin, and if so>0, w-->0 as r-->o~. In the range 0<~<1, r~lw[-->l-:r as r-->oo, that is, Iwl behaves asymptotically as r-% Since ~ is arbitrary in this range, any possible expansion would be in terms of functions which vanish more slowly than any negative power of r.
Letting ~-->0, we obtain a family of solutions, each member of which has limiting value zero at infinity. These solutions converge uniformly together with their derivatives of all orders in any compact subregion excluding the origin, to the solu-tion @ defined by
This solution is discontinuous at infinity. Thus, there exist solutions which are bounded in the exterior ~ of a circle but discontinuous at infinity, and such solutions can even be obtained as the limit, uniform in compact subregions of E, of solutions having limiting behavior at infinity.
The behavior exhibited in this example is in marked contrast to the known properties of velocity fields arising from equations of potential fluid flow (cf. [3] ).
It is not known whether pathological behavior is possible in three dimensions.
We can assert, however, that no example of the type described above can exist in this case. In fact, let w (
x) be any vector valued [unction having [inite Dirichlet Integral D in a three-dime~sional neighborhood E o/ in/inity, and such that w (x)-->w o as x-->oo. Then given any e>O, there is a constant C(s) and a set E, of measure less then e on a unit sphere So, such that all points o[ S o not in E, are intersection points of lines extending to infinity from the center of So, along which t w(x)-w01< C r -89
Proo[. Let S by any sphere which lies, with its exterior, in E, and let its ra- We remark that we have proved in [1] that if a three dimensional solution w(x) tends to a non-zero limit w0, and if for some s>0, [w(x)-w 0I <Cr -~ ~, then w(x) necessarily has at infinity, up to higher order terms, the asymptotic structure of the fundamental solution tensor X (x, y) corresponding to the linearized system (5). This result, together with the above property of general vector fields, suggests that solu-tions with finite Dirichlet Integral necessarily exhibit at infinity the behavior of ~ (x, y).
We have, however, been unable to prove this. It seems not inconceivable that solutions exist which exhibit singular behavior in one critical direction, say the direction of the vector w 0.
2. Our second question concerns the method by which the solution is constructed.
It seems to me inelegant and unsatisfactory to obtain the solution of an exterior problem as the limit of a sequence of solutions of interior problems. It would be preferable to find the solution directly in a suitable class of functions defined throughout E. I have been unable to determine such a class. To begin with, it seems doubtful that an a-priori estimate on Dirichlet Integral depending only on boundary data, can be found on the single assumption that this integral is finite, even though this assumption implies that the solution is continuous at infinity. For example, we may consider the family of solutions discussed under 1). As ~->0, all derivatives of w(x) remain smaller than fixed bounds on the unit circumference, but the Dirichlet Integrals tend to infinity. (1) It would seem natural to seek the solution in a class of vector functions satisfying an inequality of the form l w(x)-w01<Cr -1 as r-~, since this is the expected behavior of the solution and implies the desired a-priori bound on Dirichlet Integral. It is shown in [2] that an integral operator equivalent to the one defined by (13) transforms such a class into itself. For an existence theorem it would, however, be necessary to obtain an a-priori estimate on the Constant C.
Such an estimate is not yet available. Except for the potential flows, which from the point of view of this paper are the trivial solutions, it is not known whether there exists a single solution of an exterior boundary value problem which decays to its limit at the (expected) rate ]w-w0] < Cr -1.
3) Although the necessary estimates on the Green's Tensor analogous to (23) have never been formally demonstrated, there seems little doubt that also in two dimensions, the procedure of w 5 will lead to the construction of a solution defined in the exterior of ~ which assumes the given boundary data and has finite Dirichlet
Integral. Whether every such solution necessarily assumes the prescribed data at infinity is uncertain. That the answer to this question is not obvious is already indicated by the example discussed under 1). The problem seems not accessible to methods which are presently available.
(1) We point out, however, that in this example there is a net outflux across the circumference, and in this case we are unable to find any construction which yields an a-priori bound on Dirichlet integral in two dimensions. On the other hand, the outflux does not seem to he the essential source of singular behavior, since throughout the range of a considered, it remains between fixed positive hounds. We do prove in w 7, however, that solutions corresponding to sufficiently small prescribed data differ by arbitrarily small amounts, depending only on the given data.
Transition to zero Reynolds' Number
We study in this section a family of solutions of (4) defined in a fixed region (exterior or interior), and corresponding to boundary data which transform to zero in a prescribed manner. We show that these solutions necessarily tend uniformly, in the appropriate sense, to the solution of the corresponding problem for the equations (6), which are the equations obtained from (4) To prove this result, it will be necessary to obtain an estimate on Dirichlet Integral as function of 2. To do so, we return to the considerations of w 2. We can introduce, by Lemma 2.1, a field v(x)= curl t~ in ~+~ such that v(x)=w* on ~.
Let ~q (x; 2) = W (x; 2) -v (x). Then ~q (x; 2) is divergence-free, and ~ (x; 2) = 0 on ~.
We have from (4), (1) In the proof that follows, we make no use of this fact. We observe next that yn can be extended to the whole space as a piecewise continuously differentiable field which tends to zero at infinity and has bounded Dirichlet Integral, independent of R. In fact, a particular extension is provided by the singular part X (Xo, Y) of Gn. Hence by Lemma 3.3, for an arbitrary sphere 5' of radius R'.
We may now use these estimates to find a bound for yn on :F 0. Let x o be a point on ~o, let V be a sphere of radius r 0 and surface S about x 0. Let Gv be the where X* denotes the boundary data arrising from the singularity at x 0, which is used to define YR. Since these data have bounded third derivatives on ~, they can be extended by Lemma 2.1 to the interior as a divergence free vector field v (x) with bounded second derivatives. Hence, yn(x0, x)= ~ yR'TGdS+feG'AvdV. We are now prepared to estimate the deviation of the solutions of (4) from those of (6) in an exterior region. Again we consider a boundary ~ consisting of a finite number of smooth closed surfaces. Let w* be prescribed data on ~, and let w 0 be a prescribed constant vector. Let ~ be a (small) pgsitive parameter, and let w (x; ~) be a solution of (4), such that w =2 w* on ~, w--~ w o at infinity. The existence of such a solution (1) is proved in w 5 and we assume that w (x; X) can be constructed by the method of that section. That is, w (x; 2)is the limit, uniform in compact subregions, of solutions of the interior problem: w=~w* on ~, w=~ w 0 on ~R, where ~R is a sphere of large radius R. Let W (x; 2) = A -1 w (x; ~), P (x; ~) = X-1 p (x; ~), and
(1) It is unnecessary to assume the outflux condition (3) for w the conditions of Theorem (2.6) will automatically be satisfied. Consider first the surface integrals over ~R. We have
[~z (W-wo)'TGRdS]2<~ ~R(W-wo)~ dS ~z (T GR) ~ dS <~CR.R-2=CR -1
(l) The existence of a solution W 0 (x) and its Uniqueness in a class of solutions which differ from w 0 by 0 (r -1) is proved in [11] . The uniqueness in the most general class of solutions which are continuous at infinity is proved in [4] . A still more general uniqueness theorem will appear in a forthcoming work of I. D. Chang and the author.
(~) The origin of coordinates is assumed interior to ~. The result implies, in particular, the uniform inequality I W (x; ~) -W 0 (x) ] < C ~/~ in ~ + E. Since IV W 0 (x)]< Cr -e, the remainder of the proof can be obtained by a repetition of the reasoning in the demonstration of Theorem 7.2.
c. Transition of the force exerted on a fluid interface
We consider a solution of (4) 
z' \~ xs ~ xdj njdS"
Consider again a family of solutions w(x; 2) with boundary data 2w*, 2Wo, 0 < 2 ~< 1, and let W (x; 2) = 2 -1 w (x; 2), P (x; 2) = 2 -1 p (x; 2). Again let W 0 (x), Po (x) denote the solution and corresponding pressure of the solution of (6) with boundary data w*, w 0. For this solution, the force on 7' is given by Fo=-f TWodS. possible to obtain an explicit value for C in particular cases, e.g., the flow past a sphere, and we plan to carry out these calculations in the near future.
Uniqueness and continuous dependence
Uniqueness theorems for time independent motions of a viscous fluid at smalI
Reynolds number can be traced back to Osbourne Reynolds [16] . Except for improvements in detail and in exposition the available knowledge has remained unchanged~ since that time. Essentially, the result states that i/ w I (x) is a solution o/ (4) in a' finite region ~ bounded by a smooth closed sat/ace ~, and if the maximum of lw 1 (x)I in ~ is sufficiently small, then there is no other solution of (4) in ~ which assumes the same boundary data. Finally, we state a result which does not differ essentially from one that we have used in w 5, but which seems worthwile to formulate explicitly. 
